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Abstract

An efficient and stable recursive compliance/stiffness matrix algorithm is presented to model wave propagation in

multidirectional composites. The models are applied to clarify angle beam transmission through a multidirectional

composite and to process ultrasonic data for determination of the elastic properties of a composite lamina (single ply)

from measurements on a multidirectional composite. Ultrasonic characterization of composites using double-through-

transmission and time-resolved line focus acoustic microscopy has been addressed. The double-through-transmission

measurements and simulations show that the transmission amplitude is highly dependent on ply orientation and angle

of incidence. The transmission amplitude decreases rapidly with incident angle deviation from the normal; however, a

transmission window is found in the incident angle range 45–60� at frequencies below 2.25 MHz. The time-delay

measurements by the double-through-transmission technique have been used to reconstruct lamina properties using the

Floquet wave concept. A unidirectional lamina elastic properties measurement using line focus acoustic microscopy of a

multidirectional composite sample is also briefly discussed. The effective elastic properties for the composites are de-

termined from the lamina properties by a Floquet wave dynamic homogenization method.

� 2002 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Ultrasonic characterization of composites has been an active field of study for the last several decades.
The foundation for wave propagation in composites was laid in the early work of Achenbach et al. (1968)

and Achenbach (1974). Several approximate and exact models have been developed since then for wave

propagation in multidirectional composites; many of these have been reported in the proceedings edited

by Mal and Ting (1988) and reviewed by Datta (2000). Approximate solutions include the effective media
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methods of Postma (1955) and Schoenberg and Muir (1989), the effective stiffness method of Sun et al.

(1968) and Achenbach et al. (1968) and the thin layer method of Shah and Datta (1982) and Kausel

(1986). Among the exact solutions the most widely used are the transfer matrix and global matrix

methods. A transfer matrix method was developed by Adler and coworkers for a layered anisotropic
medium using the exponential Stroh representation (Fahmy and Adler, 1973; Adler, 1990). The transfer

matrix method in standard form was developed for general anisotropy by Nayfeh (1991, 1995). Experi-

mental and theoretical examples for multidirectional composites are given by Chimenti and Nayfeh (1990)

and Nayfeh and Chimenti (1991). To overcome the computational instabilities of the transfer matrix

method, Castaings and Hosten (1993) and Hosten and Castaings (1993) generalized the delta matrix

method to multilayered media with monoclinic layers (orthotropic layers arbitrarily rotated about one

symmetry axis). Mal (1988) developed a computationally stable global matrix method for layered an-

isotropic media. A modified global matrix method using a layer stiffness matrix has been obtained for
isotropic media by Kausel and Roesset (1981), for an orthotropic layer in the plane of symmetry by Wang

and Rajapakse (1994) and by Wang et al. (1998), Wang and Rokhlin (2000) for generally anisotropic

media. The global stiffness matrix method reduces by half the dimension of the global system of equa-

tions. Another stable approach is a generalization by Fryer and Frazer (1984, 1987) of the reflectivity

method of Kennett and Kerry (1979) and Kennett (1983) to layered anisotropic media. The reflection/

transmission matrices for a generally anisotropic layer between anisotropic solids have also been ob-

tained by Rokhlin and Huang (1992) by a method similar to that of Kennett and Kerry. A large num-

ber of experimental methods applicable to composite characterization have been reviewed by Chimenti
(1997).

Multidirectional composites are highly anisotropic multilayered structures, which significantly compli-

cates the wave spectrum in both frequency and angle domains. Due to this complexity, the measurement of

properties of multidirectional composites becomes complicated. One method of measuring the elastic

constants is to use low frequency ultrasonic waves. In this case, the nonhomogeneous composite may be

considered as an effective homogeneous medium. Therefore one can use the same procedures developed for

a homogeneous layer to reconstruct the effective elastic constants from the wave velocity measurements.

Examples of this have been given by Rose et al. (1987); Hosten (1992) and Lobkis et al. (2000). Chu and
Rokhlin (1994) have proposed a method to determine lamina elastic moduli for [0/90] metal matrix com-

posites without the effective media approach. However they neglected the effect of wave interference within

a single lamina in the laminate on the time-delay measurements. Such an assumption is valid only for

composites with thick laminas or for composites with small impedance mismatch between 90� and 0�
laminas.

Line focus acoustic microscopy can also be applied to composite characterization. Achenbach with his

students pioneered the development of line focus acoustic microscopy for characterization of multilayered

thin film structures. Lee et al. (1994) measured elastic constants by directly fitting the experimental V ðzÞ
curve with an acoustic microscopy model using continuous wave mode acoustic microscopy and later Li

and Achenbach (1996, 1997) used time-resolved acoustic microscopy (see also Guo et al., 2000). Xiang et al.

(1996) also studied time-resolved acoustic microscopy and applied it to homogeneous anisotropic material

property measurement and Wang et al. (1998) have applied it to composites.

In this paper we review our recent modeling and experimental studies of the ultrasonic characterization

of multidirectional composites. In Section 2 we describe a computationally stable recursive stiffness matrix

method, recently developed by us, for wave propagation in layered generally anisotropic media. In Section

3, ultrasonic wave interaction with fluid-loaded multidirectional composites is discussed. Both modeling
and experimental results are presented for oblique ultrasonic through transmission. Floquet wave spectra

in angle and frequency domains are used for interpretation of the results. In Section 4, measurements

of lamina elastic properties using Floquet waves and line focus time-resolved acoustic microscopy are

described.
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2. Ultrasonic model for multidirectional composites: Recursive stiffness/compliance matrix method

2.1. Lamina compliance/stiffness matrix

Let us consider a multilayered medium, consisting of N arbitrarily anisotropic layers between solid or

liquid semi-spaces as illustrated in Fig. 1. In the jth layer, the displacement vector uj may be written as the

summation of six partial waves

uj ¼
X3

n¼1

aþn p
þ
n e

ikþn
z ðz�zjÞ þ a�n p

�
n e

ik�n
z ðz�zj�1Þ

� �
j
eiðkxxþkyy�xtÞ; ð1Þ

where uj ¼ ðujx; ujy ; ujzÞ
T
, (T represents transpose); n ð¼ 1; 2; 3Þ denotes nth partial wave; the superscripts þ

and ) indicate wave propagation in þz- or )z-directions respectively; pþn and p�n ðp�n ¼ ðp�x ; p�y ; p�z Þ
T

n Þ are the
unit wave displacement polarization vectors corresponding to kþn

z and k�n
z wave numbers respectively. For

each layer, we select the local coordinate origin at the top of the jth layer (z ¼ zj�1) for waves propagating

along the )z-direction (a�) and at the bottom of the jth layer (z ¼ zj) for waves propagating along the þz-
direction (aþ). Such a selection of the local coordinate system is very important for eliminating the nu-

merical overflow of the exponential terms in Eq. (1) when the waves become nonhomogeneous (Schmidt
and Tango, 1986; Schmidt and Jensen, 1985). The displacement polarization vectors p�n and wave numbers

k�n
z are determined by solving the Christoffel equation (Rokhlin et al., 1986).

From Eq. (1), the displacement vector on the upper (z ¼ zj�1) uj�1 and lower surfaces (z ¼ zj) uj of the
layer j can be represented in the matrix form

uj�1

uj

� �
¼ P� PþHþ

P�H� Pþ

� �
j

A�
j

Aþ
j

� �
; ð2Þ

Fig. 1. (a) A multilayered structure and (b) composite cell formed by the lay-up of the unidirectional lamina (ply) and the reference

coordinate system. The ultrasonic incident plane is oriented at angle a with relation to x-direction (fiber direction in the top lamina).
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where

P�ð3� 3Þ ¼ p�1 ; p�2 ; p�3
� �

; A�
j ¼ a�1 ; a�2 ; a�3

� �T
and

Hþð3� 3Þ ¼ Diag eik
þ1
z hj ; eik

þ2
z hj ; eik

þ3
z hj

� �
; H�ð3� 3Þ ¼ Diag e�ik�1

z hj ; e�ik�2
z hj ; e�ik�3

z hj
� �

;

hj ¼ zj�1 � zj being the thickness of the jth lamina. If the z-axis is a symmetry axis, we have k�n
z ¼ �kþn

z ,

therefore, Hþ ¼ H�. This will be the case of monoclinic symmetry corresponding to arbitrary rotation of

the orthotropic layer around the symmetry axis z. Using Hooke’s law, the stresses on the top rj�1 (z ¼ zj�1)

and bottom surfaces rj (z ¼ zj) of the jth layer are related to the wave amplitudes A�
j in the matrix form as

rj�1

rj

� �
¼ D� DþHþ

D�H� Dþ

� �
A�

j

Aþ
j

� �
; ð3Þ

where D� ¼ ½ d�1 ; d�2 ; d�3 	, the components ðd�
i Þj of vector d

�
j are related to the polarization vector p�j by

ðd�
i Þj ¼ ðci3lnknp�l Þj, cijln represents the layer elastic constants.

Substituting into Eq. (2) the amplitude vectors A

j from Eq. (3), we obtain the layer stiffness Kj or

compliance Sj matrices which relates the stresses to displacements at the layer top and bottom

rj�1

rj

� �
¼ D� DþH

D�H Dþ

� �
j

P� PþH
P�H Pþ

� ��1

j

uj�1

uj

� �
¼ Kj

uj�1

uj

� �
;

uj�1

uj

� �
¼ P� PþH

P�H Pþ

� �
j

D� DþH
D�H Dþ

� ��1

j

rj�1

rj

� �
¼ Sj

rj�1

rj

� �
; ð4Þ

where Sj ¼ K�1
j .

As we will see below, it is convenient to consider both stiffness and compliance matrices, and depending

on the application, one or another formulation will be used.

It is convenient to subdivide the stiffness/compliance matrix Mð6� 6Þ into four 3� 3 submatrices M11,
M12, M21, M22; here M is the S or K matrix. When the x–y (1–2) plane is a symmetry plane of the lamina,

which is the case for laminated composites, the stiffness/compliance matrix has some symmetry:

M11 ¼
M11 M12 M13

M12 M22 M23

�M13 �M23 M33

2
64

3
75; M12 ¼

M14 M15 M16

M16 M25 M26

M16 M26 M36

2
64

3
75;

M22 ¼
�M11 �M12 M13

�M12 �M22 M23

�M13 �M23 �M33

2
64

3
75; M21 ¼

�M14 �M15 M16

�M16 �M25 M26

M16 M26 �M36

2
64

3
75:

ð5Þ

Due to the symmetry only 12 elements Mij of the matrix M are independent.

2.2. Recursive algorithm to obtain the total compliance/stiffness matrix

To obtain the global compliance/stiffness matrix for a multilayered structure, we have developed a re-

cursive algorithm based on the compliance/stiffness matrix for a single layer. The recursive procedure is

MJ ¼ MJ�1
11 þMJ�1

12 ðMj
11 �MJ�1

22 Þ�1
MJ�1

21 �MJ�1
12 ðMj

11 �MJ�1
22 Þ�1

M
j
12

M
j
21ðM

j
11 �MJ�1

22 Þ�1
MJ�1

21 M
j
22 �M

j
21ðM

j
11 �MJ�1

22 Þ�1
M

j
12

" #
; ð6Þ
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where MJ is the total compliance SJ or stiffness KJ matrix for the top J layers, MJ�1
mn are the total com-

pliance/stiffness submatrices for the top J � 1 layers, Mj
mn are the compliance/stiffness submatrices for the

jth layer. As has been shown by Wang and Rokhlin (2001), the compliance/stiffness matrix formulation (4)

and the recursive algorithm (6) are computationally stable in an arbitrary frequency range and have the
computational efficiency of the transfer matrix method. Note that in Eq. (6), the submatrixMJ

22 of the total

compliance/stiffness matrix MJ for the top m layers depends only on submatrix MJ�1
22 of the total com-

pliance/stiffness matrix MJ�1 for the top j� 1 layers and compliance/stiffness submatrices for the layer j.
Therefore MJ

22 can be obtained recursively without calculating all other submatrices of the total compli-

ance/stiffness matrix. This is useful when one needs only to calculate the total compliance/stiffness matrix

MJ
S for a layered half space ðMJ

S ¼MJ
22Þ.

2.3. Application to composites with periodicity and symmetry

For materials with structural periodicity, which is the case for most composites, the recursive method

allows very efficient computation of the total stiffness matrix. Let us introduce a repetitive cell consisting of

n different anisotropic layers; we define it as ½h1=h2= . . . =hn�1=hn	ps. Here hi indicates a layer in the cell p with

the ply orientation angle hi. For example, [0�/45�/90�/)45�] represents a four layered cell (n ¼ 4) (Fig. 1b)

obtained by a combination of 0�, 45�, 90� and )45� unidirectional laminas (plies). The index p indicates the
number of cells in the layered structure without symmetry or half of the layers for the system with sym-

metry; the index s indicates the structure symmetry. Using the recursive algorithm (Eq. (6)), one first

calculates the compliance/stiffness matrix of the layered cell. The global compliance/stiffness matrix is

calculated accounting for the repetition of the cells by application of Eq. (6) to the cell compliance/stiffness

matrix. If p ¼ 2i then only i recursive operations are required to obtain the total compliance/stiffness with p

repetitive cells. If the structure is symmetric about its center line, the global stiffness/compliance matrix of a

symmetrical composite holds symmetry properties (5); and the total compliance/stiffness matrices MB(MB
ij)

of the bottom half of the structure is related to that of the top half structure MT(MT
ij) as

MB
ij ¼ �I2MT

ð3�iÞð3�jÞI2; ði; j ¼ 1; 2Þ; ð7Þ

where

I2 ¼
1 0 0

0 1 0

0 0 �1

2
4

3
5:

Therefore, once the compliance/stiffness matrix for the top half structure ½h1=h2= . . . =hn�1=hn	p has been

calculated, the stiffness matrix for the bottom half can be immediately determined by Eq. (7) and the total
stiffness matrix for the whole structure h1=h2= . . . =hn�1=hn½ 	ps is obtained by combining them using Eq. (6).

2.4. Infinite periodic media

For further discussion of the lamina property measurements we need to formulate the Floquet wave

characteristic equation for propagation in a periodic anisotropic medium. The Floquet theory requires
periodicity conditions (Nayfeh, 1991; Braga and Herrmann, 1992) on the unit cell surface:

uþ

rþ

� �
¼ eifhc

u�

r�

� �
; ð8Þ

where f represents the Floquet wave number and hc the thickness of the unit cell. The cell stiffness matrix Kc

for a periodic medium is obtained using the recursive algorithm. It relates the stresses and displacements on
the top (rþ; uþ) and bottom ðr�; u�Þ surfaces of the cell:
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rþ

r�

� �
¼ K11

c K12
c

K21
c K22

c

� �
uþ

u�

� �
: ð9Þ

Using the cell stiffness matrix (Eq. (9)) and periodicity condition (8), we obtain the equivalent of the

Christoffel equation for Floquet waves:

ðeifhcK21
c � e�ifhcK12

c þ K22
c � K11

c Þu� ¼ 0; ð10Þ

u� is the Floquet wave unit displacement vector and is equivalent to the displacement polarization p. The

characteristic equation of the Floquet wave for arbitrarily anisotropic media is obtained by equating the

determinant of the system (10) to zero.

2.5. Point source response: Green’s function for multiply composites

To describe in layered elastic systems an impulse dynamic effect such as acoustic emission (Lih and Mal,

1996; Green and Green, 2000a,b) or laser generation of ultrasound (Cheng et al., 2001) one needs a solution

for point sources. The point source response is also essential for solving the scattering problem using the

boundary element method. Below we apply the recursive stiffness matrix method to derive the Green’s

function for a layered anisotropic medium. For the source description we employ the method of Kennett

(1983) and Fryer and Frazer (1984) who showed that a dislocation source can be represented by discon-
tinuities in displacements and tractions across the source plane z ¼ zs:

ûuðzþs Þ � ûuðz�s Þ ¼ Du; r̂rðzþs Þ � r̂rðz�s Þ ¼ Dr; ð11Þ

where the symbol ‘^’ denotes the wave number domain. The relation of the displacement Du and traction Dr

jumps to the source tensor is given by Kennett (1983).

The solution is obtained in two steps: (1) Using boundary and radiation conditions on the layered system

top z ¼ z0 and bottom z ¼ zN planes (Fig. 1) the stresses and displacements in the plane of the sources z ¼ zs
are found in terms of the source discontinuities. (2) Using stresses and displacements at the source plane,
the stresses and displacements in other planes are calculated using the two stiffness/compliance matrices

relating the stresses and displacements at this interface and those at the top and source planes.

Step 1: Displacements and stresses in the source plane: The compliance matrix SU between planes z0 and
zþs and the compliance matrix SB between planes z�s and zN are calculated recursively using the respective

layer compliance matrices. They relate the displacements and stresses at the source plane to those at the top

and bottom surfaces of the layered system

ûuðz0Þ
ûuðzþs Þ

" #
¼

"
SU
11 SU

12

SU
21 SU

22

#
r̂rðz0Þ
r̂rðzþs Þ

" #
;

ûuðz�s Þ
ûuðzNÞ

" #
¼ SB

11 SB
12

SB
21 SB

22

� �
r̂rðz�s Þ
r̂rðzN Þ

" #
: ð12Þ

Assuming the layered structure has free top and bottom surfaces ðr̂rðz0Þ ¼ r̂rðzNÞ ¼ 0Þ. We have from Eq.

(12):

ûuðzþs Þ ¼ S
U
22r̂rðzþs Þ; ûuðz�s Þ ¼ S

B
11r̂rðz�s Þ: ð13Þ

Substituting Eq. (13) into Eq. (11), one obtains the displacements at zþs as functions of the source strength

terms Du and Dr:

ûuðzþs Þ ¼ ðI� SB
11ðS

U
22Þ

�1Þ�1ðDu � SB
11DrÞ: ð14Þ

Other displacements and stresses ûuðz�s Þ, r̂rðz�s Þ, ûuðz0Þ and ûuðzN Þ at the source plane and at the top and bottom

surfaces of the structure are obtained from Eqs. (12) and (13).
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Step 2: Displacements and stresses at the receiver planes: For stable computation of the field in the re-

ceiver planes z ¼ zr inside the structure, which is the case of embedded sensors, one should utilize the ‘‘back

propagation’’ recursive algorithm (Wang and Rokhlin, 2002a; Rokhlin and Wang, 2002). These dis-

placements and stresses are recursively determined from the known displacement ûuðz�s Þ, ûuðz0Þ and ûuðzN Þ and
stresses r̂rðz�s Þ using the two stiffness/compliance matrices between the receiver interface z ¼ zr and the

system top surface z0 and the source interface zs.
The displacement uðx; y; z; tÞ and stress rðx; y; z; tÞ in time and spatial domains are obtained by the inverse

Fourier transform.

uðx; y; z; tÞ ¼
Z þ1

�1
eixt dx

Z þ1

�1
ûuðkx; ky ;xÞeiðkxxþkyxÞdkxdky : ð15Þ

3. Ultrasonic wave interaction with fluid-loaded multidirectional composites

3.1. Reflection and transmission coefficients

For ultrasonic evaluation of composites, they are usually immersed in fluid and inspected in reflection or

through transmission mode. Thus it is important to understand the ultrasonic wave reflection and through

transmission for this and many other ultrasonic applications. Let us consider a plane acoustic wave incident
from fluid onto an anisotropic layered structure immersed in the fluid. Using the total compliance matrix

for the structure and the boundary conditions on the fluid–solid interfaces we obtain for the transmission T

and the reflection R coefficients for laminates immersed in fluid (Wang and Rokhlin, 2001)

T ¼ 2KS33
21=½ðS33

11 þ KÞðS33
22 � KÞ � S33

21S
33
12 	; ð16Þ

R ¼ ½ðS33
11 � KÞðS33

22 � KÞ � S33
21S

33
12 	=½ðS33

11 þ KÞðS33
22 � KÞ � S33

21S
33
12 	; ð17Þ

where the S33
ij are the (3,3) elements in the submatrices Sijð3� 3Þ of the total (6� 6) compliance matrix S for

the composite structure and K ¼ cos h=ðixqfVfÞ, qf is the fluid density, and Vf is the acoustic velocity in the

fluid, h is the incident angle.

3.2. Modal solution

The guided wave characteristic equation for a layered anisotropic medium is obtained from the total

stiffness matrix (K) of the structure using the free boundary conditions at the top and bottom surfaces. The

guided wave characteristic equation is given as

detðKÞ ¼ 0: ð18Þ
For a fluid-loaded layered anisotropic structure, the dispersion equation for leaky Lamb modes can be

determined from the reflection and transmission coefficients (Eqs. (16) and (17)), by equating the de-
nominator to zero:

ðS33
11 þ KÞðS33

22 � KÞ � S33
21S

33
12 ¼ 0: ð19Þ

3.3. Angle beam through transmission: experiment and simulation

At oblique incidence of ultrasonic waves on a multidirectional composite, the reflection/transmission
phenomena become very complicated (Rokhlin et al., 1999) due to the appearance of nontransmittance
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zones. In this section we will compare experimental and theoretical results for the double transmission

ultrasonic measurements shown schematically in Fig. 2. The ultrasonic signal is transmitted through the

multiply composite sample immersed in the fluid, then reflected from the plane reflector and returned to the
transducer. The sample is rotated in two planes, thus angles of incidence and plane of incidence can be

continuously changed.

The schematic diagram of the double-through-transmission method is given in Fig. 2. We consider the

back reflector as a mirror with Fig. 2b showing the wave travel path used in the model. Accounting for the

phase delay in fluid as shown in Fig. 2b, one can obtain the time-domain voltage output:

VoutðtÞ ¼
Z þ1

�1
F ðxÞdx

Z þ1

�1
Utðk0xÞTtðkxÞTbðk00x Þeið�2k0zLþkzdþk00z dÞ dk0x; ð20Þ

where L is the distance between the surfaces of the transducer and back reflector, d is the thickness of the

sample. kz ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx=VfÞ2 � k2x

q
, Vf is acoustic velocity in the fluid. k0x, k

0
z and k00x , k

00
z are the wave numbers in the

coordinator systems rotated from the axis z (Fig. 2b) by hi (primed) and 2hi (double primed) respectively (z0

is the normal to the transducer face). F ðxÞ is the frequency response of the transmitter/receiver; Utðk0xÞ is the
angular response of the transducer. They are experimentally determined by inverting the measured re-

flection signal from a homogeneous semi-space such as a block of aluminum. TtðkxÞ and Tbðk00x Þ are the
transmission coefficients through the layer for the wave incident from fluid on the layer top or bottom

respectively.

Here we experimentally and theoretically investigate wave transmission through a [0/45/90/)45]2s
composite whose lamina properties are given in Table 1. Fig. 3a shows the peak amplitude versus incident

angle for the incident plane orientation a ¼ 25� (Fig. 1b). Fig. 3b compares experimental (dots) and

computed (solid lines) time domain signals for several incident angles. The incident wave signal has center

frequency 2.25 MHz. At normal incidence (0�), the multiple reflections in the sample are clearly identified.

At 14� incident angle, the transmitted signal reaches the first maximum and clearly shows dispersion and
strong distortion. Above 14� the amplitude drops, reaching the noise level at 30�. The transmitted signal

Fig. 2. (a) Schematic diagram of the self-reference bulk wave method and (b) equivalent representation of the measurement used for

modeling. The dashed lines indicate the mirror reflection of the back propagation path. Mirror plane is indicated by the broken vertical

line.
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amplitude reaches an additional maximum at 50� whereas spectrum analysis shows the center transmitted
frequency at about 2 MHz.

To further clarify the transmission properties of the composite, double through transmission mea-

surements and computations are presented with steps of 1� in the range of orientation angles from 0� to
180� in image form (Fig. 4a). In these images, the radial direction represents the incident angle h and the

circumferential direction represents the orientation angle a. The gray level represents the amplitude; the

brighter the gray level, the higher the transmitted amplitude. By comparing both calculated and measured

data, one can conclude: (1) the double through transmission amplitude has 180� rotation symmetry; (2) it

has no reflection symmetry (a and )a); (3) at incident angles close to normal incidence (<7�) (marked by
arrow L in Fig. 4), the multilayered composite is similar to an isotropic plate; (4) both experiment and

calculation show a transmission peak at 10� < h < 20� and �10� < a < �75�. The transmitted signals at

this peak are strongly distorted (marked by arrow M); (5) a large transmission peak also appears in the

incident angle range between 45� and 55�, where the energy is transmitted in the composite by the slow

transverse wave. Within this range, the maximum transmission amplitude depends on rotation angle.

Maximum values appear around rotation angles 22� and 60� (marked by arrow T in Fig. 4). The composite

behaves as a low pass filter with a frequency band below 2 MHz.

Table 1

Lamina properties

Lamina elastic constants (GPa)

C11 C22 C33 C44 C55 C66 C12 C13 C13

143.2 15.8 15.8 3.8 7.0 7.0 7.5 7.5 8.2

Density (g/cm3) Lamina thickness (mm)

1.6 0.194

Fig. 3. (a) Measured peak amplitude of the first double through transmission signal versus incident angle h and (b) measured (�) and

calculated (––) time domain signals for six typical incident angles. The incident plane orientation angle a is 22.5� and pulse center

frequency is 2.25 MHz.
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It is useful to apply the Floquet wave spectrum for a qualitative discussion of the phenomena observed in

Fig. 4. Fig. 5a shows the stop and pass bands of the three Floquet waves as a function of composite

orientation angle a and incident angle h at frequency 2.25 MHz. The four gray levels represent the number

of propagating Floquet waves (waves with real wave numbers). Black represents the stop band for all three

Fig. 5. Spectrum of pass and stop bands for the three Floquet waves for [0/45/90/)45]2s composite: (a) as a function of incident angle h
and incident plane orientation angle a, frequency is 2.25 MHz and (b) as a function of incident angle h and frequency with the

propagating plane oriented at a ¼ 0�. White domains correspond to all three propagating waves, light gray to two propagating waves

and darker gray to one propagating wave, black corresponds to the stop band for all three waves (no propagating waves permitted).

The frequency indicated by the arrow ‘B’ corresponds to the polar diagram shown in Fig. 5a. The dashed line indicated by the arrow

‘A’ corresponds to the approximate equation (22).

Fig. 4. The peak double through transmission amplitude for the [0/45/90/)45]2s composite as function of orientation a and incident

h angles. The transducer center frequency is 2.25 MHz. The gray level represents the transmission amplitude (while is maximum).

(a) Experiment and (b) theory.
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Floquet waves and white corresponds to the pass band domain for all three waves. As can be seen, all three

Floquet waves have a pass band at incident angles below 10�. A pass band which is almost independent of

orientation angle a appears for the slowest Floquet wave in the incident angle range 40–60�. Comparing this

figure with the transmission amplitude distribution shown in Fig. 4a, one can see that the pass and stop
bands of the Floquet waves determine the transmission amplitude distribution. Fig. 5b shows the Floquet

wave stop and pass bands in the incident angle versus frequency domain. At frequencies below the first stop

band, the multidirectional composites can be considered as a homogeneous medium (Wang and Rokhlin,

2000). At frequencies above the homogenization domain, a complicated spectrum of pass and stop bands

exists. The stop and pass bands act as narrow band filters in both frequency and incident angle domains and

lead to complicated time-domain signal distortion as shown in Fig. 3b at incident angle 14� or very small

transmission at 30�. For higher incident angles, the homogenization domain is extended to the higher

frequency range.

4. Elastic property measurements of composite lamina (ply)

Ultrasonic determination of the elastic properties of a single lamina from measurements on multiply

composites has been a challenge to the nondestructive evaluation community. Here we will briefly discuss

two methods to obtain the elastic properties of a unidirectional lamina from measurements on multidi-

rectional composites: time-resolved acoustic microscopy and a Floquet-wave-based double-through-

transmission method.

4.1. Lamina property measurements using time-resolved line focus acoustic microscopy

In line focus acoustic microscopy a cylindrically shaped line focus transducer is utilized. The coupling

fluid between transducer and specimen is usually water. Models for line focus acoustic microscopy are well

established (Briggs, 1992; Lee et al., 1994; Li and Achenbach, 1996, 1997). For line focus time-resolved

acoustic microscopy, the response can be represented as

Voutðz; tÞ ¼
Z þ1

�1
F ðxÞeixt dx

Z hM

0

P ðhÞRðh;xÞe2iðx=Vf Þd0 cos h dh; ð21Þ

where F ðxÞ is the frequency and PðhÞ is the pupil function of the transducer in the pulse echo mode, hM is

the semi-aperture angle of the acoustic lens and d0 is the defocus distance. Rðh;xÞ is the reflection coefficient

from the sample, Vf is the acoustic velocity in the fluid.

Our experiments were performed with the line focus transducer, developed at NIST, which has center

frequency 6 MHz, focus length 24.5 mm and half aperture angle 32�. Figs. 6 and 7 show the acoustic

microscopy response for a unidirectional and a quasi-isotropic composite ([45/0/)45/90]2s) respectively for

different lens orientation with relation to the fiber direction in the top lamina. In these figures solid lines are
experiment and dotted lines are theory. For a unidirectional composite as shown in Fig. 6, the signals in the

response can be put in three categories: (1) normal specular reflections which correspond to normal incident

rays (L1 and L2); (2) lateral waves which correspond to rays incident at critical angles (La); (3) bulk wave

reflections which correspond to rays mode-converted and reflected from the bottom surface (LS2, S1S1, S1S2;
L denotes longitudinal and S1, S2 denote fast and slow quasi-transverse waves). The time delays of the

normal specular reflections (L1 and L2) are used to determine the elastic constant C33(¼ C22). These signals

are not shifted in the time domain with rotation angle. The time delays and amplitudes of these lateral wave

and bulk wave reflections are significantly dependent on the rotation angle. Because the half aperture angle
of our transducer is 32�, only the longitudinal lateral wave (La) has been observed. The leaky surface wave
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does not exist in these materials since its speed increases above the transverse wave speed due to the fluid

loading effect.

For the quasi-isotropic composite, the reflection signature becomes much more complicated; how-

ever, the model describes the experimental observations well. The oblique rays form a complex reflection

Fig. 6. Line focus microscopy signature at different rotation angles for the unidirectional composite plate with thickness 2.4 mm. The

cylindrical transducer with PVDF film has center frequency 6 MHz and focus length 24.5 mm. Solid lines are experiment; doted lines

are simulations.

Fig. 7. Line focus microscopy signature for a multilayered [45/0/)45/90]2s composite at different angles of lens orientation. Solid lines

are experiment and dotted lines are simulation.
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signature due to interference of reflected signals from different interfaces at various incident angles.

Therefore we cannot simply interpret these signals as bulk shear or longitudinal wave reflections.

The inverse reconstruction of the lamina elastic constants is performed from the measurements on the

multidirectional composite in the time domain gate indicated in Fig. 7 (the specular surface reflection is
excluded). The gated signatures for the set of rotation angles of the transducer are selected for further

processing together with the computed signal gated at the same conditions. The lamina elastic constants are

obtained by a least-squares minimization algorithm to match the computed and experimental signatures.

4.2. Floquet wave based lamina properties measurement

Due to the periodicity of the composite structure, the Floquet wave approach seems well suited for

medium characterization. Floquet waves are formed in a periodic medium naturally accounting for the

wave interference in the structure and their wave speed has a clear physical meaning. The Floquet wave

theory provides a method to calculate the time delay for a signal propagating through a multiply composite

and to determine the lamina elastic constants.
We already discussed in Section 3.3 the stop and pass bands of the Floquet wave spectrum shown in Fig.

5b in the kx–x domain. At frequencies above the first stop band, the Floquet wave velocity is very dispersive

which leads to strong distortion of the transmitted signals. This leads to difficulties in time-delay mea-

surement in this frequency range. At frequencies below the first stop band, the Floquet behavior is similar

to that of a plane wave propagating in an anisotropic dispersive homogeneous medium. In this frequency

domain, we may consider the periodic medium as an effective homogeneous anisotropic medium (Wang

and Rokhlin, 2000, 2002b). We found that an approximate upper frequency fh bound of the homogeni-

zation domain is given by

hc
kminðhÞ

cos h < 0:5; ð22Þ

where hc is the cell thickness; kmin and Vmin ¼ x=kmax are the corresponding minimum wavelength and

velocity at a given bulk wave propagation angle h to the z-axis. The estimated homogenization domain

using Eq. (22) for a [0/45/90/)45] composite is shown by the dashed curve in Fig. 5b.

We propose a method for lamina properties reconstruction based on application of the Floquet wave

theory to processing of the data obtained by the self-reference double-through-transmission method. The
difference between this method and the methods used for homogeneous anisotropic media (Rokhlin and

Wang, 1992) is in how the time-delay calculation is done. For homogeneous media, the time delay is

calculated using the phase velocity determined from the Christoffel equation. To calculate the time delay for

a periodic medium we use the Floquet wave phase velocity obtained from Eq. (9). In this method, the time

delays are measured for a set of incident angles in one or several orientations of the incident plane. Then the

least-squares algorithm is applied to minimize the error between the experimental time delays and those

calculated using the Floquet theory. The unknown lamina moduli of the composite are found by mini-

mizing the sum of the squares of the deviations between the experimental and calculated time delays
considering the elastic constants as variables in a multidimensional space (for details see Wang and Ro-

khlin, 2002c).

To check the stability and accuracy of the reconstruction, we performed computer simulations on a set

of synthetic velocity data with random scatter, similar to the method described by Rokhlin and Wang

(1992). The results are given in Table 2 for composite [0/45/90/)45]. First the time delay was calculated for

selected orientations of the incident plane and a discrete set of refraction angles using the set of elastic

constants of the lamina (given in the first row of the table). Next, random scatter was added to the time-

delay data with data scatter levels 1% and 5%. The sets of time delays obtained serve as synthetic sets of
experimental data. The initial guesses of the lamina elastic constants selected for reconstruction are given in
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the second row of the table. These values are at least 50% different from the exact values used for synthetic
sets determination (given in the first row). Using this data with scatter, the lamina elastic constants are

obtained using the reconstruction procedure discussed above. The relative error between the reconstructed

elastic constants and the exact elastic constants are given in the third row (0% data scatter level), fourth row

(1% data scatter level) and fifth row (5% data scatter level). One can see the lamina properties can be well

recovered for ‘‘noise’’ time-delay data and initial guesses far from the exact value.

As an example the measurements were performed on a [0/90]4s composite for the incident plane at 0�
orientation. An ultrasonic pulse with center frequency 2 MHz was used. The thickness of the sample was

2.5 mm, the lamina thickness was 0.156 mm and density was 1.6 g/cm3. The results of time-delay mea-
surements are shown by dots in Fig. 8. The reconstructed lamina properties are C11 ¼ 121:5, C22 ¼ 12:1,
C12 ¼ 4:19, C23 ¼ 8:45, C55 ¼ 9:27 (unit: GPa). The computed time delay using these properties is shown in

Fig. 8 by solid lines.

4.3. Effective property determination using dynamic Floquet wave homogenization

After lamina properties are measured we can determine the effective dynamic elastic properties of the

multidirectional composite. At low frequencies we homogenize the composite using a Floquet wave method

Table 2

Results of reconstruction from velocity data in the a ¼ 0� incident plane of [0/45/90/)45] periodic composite

C11 C22 C12 C23 C55

Original value 143.2 15.8 7.5 8.2 7

Intial guess 214.8 12.8 3.75 4.1 10.5

No scatter 0% 0% 0% 0% 0%

1% scatter 0.04% 0.01% 0.7% 0.03% 0.03%

5% scatter 0.5% 0.04% 2.27% 1.03% 3.05%

Fig. 8. Comparison of the experimental time delay (�) and that calculated using reconstructed set of data (––) for [0/90]4s composite.

Incident plane is at a ¼ 0�.
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transforming the composite to a dispersive homogeneous anisotropic medium. One can see from the
Floquet wave spectrum (Fig. 5b) that in the homogenization zone which is at frequencies below the first

stop band, the Floquet wave behavior in the periodic medium is equivalent to that of a plane wave in the

effective anisotropic medium (three waves may propagate and their critical angles exist). At a given fre-

quency, we calculate the slowness surface for Floquet waves and match it to the slowness surface for bulk

waves in homogenized anisotropic media (Wang and Rokhlin, 2000). The Floquet slowness surface is

calculated by Eq. (9) using the known composite layout and lamina properties. The match is performed

using least-squares minimization searching for the unknown effective elastic constants which are deter-

mined uniquely from the plane wave slowness surface. Fig. 9 shows the effective elastic constants as
functions of frequency computed for the above lamina elastic properties.

5. Conclusions

Commonly used multidirectional graphite/epoxy composites are extremely nonhomogeneous and an-

isotropic. These together with structural periodicity lead to very complicated transitivity spectra in fre-

quency and angle domains. When the incident angle deviates from normal incidence on composite

structures the transmitted signals are strongly distorted and their peak amplitude declines sharply. However

at incident angle about 50� in a fluid a transmission window exists at frequencies below 2 MHz. This makes
it possible to use obliquely incident waves for composite evaluation. The Floquet wave theory has been

applied to determination of the elastic constants of a single ply from time-delay measurement of obliquely

through transmitted ultrasonic waves in multidirectional composites. Reconstruction of the lamina elastic

constants from measured time-delay data has been done by nonlinear least-squares minimization. It was

also shown that the ply elastic properties can be measured using time-resolved line focus acoustic mi-

croscopy.
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